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In this numerical investigation, completely developed laminar convective heat transfer characteristics
of a Williamson hybrid ferronanofluid over a cylindrical surface are reported. This new model in 2D

is engaged to examine the effects of the magnetic field, thermal radiation factor, volume fraction of
ultrafine particles, and Weissenberg number with the help of the Keller box method. The numerical
calculations are implemented at a magnetic parameter range of 0.4 to 0.8, volume fraction range of
0.0 to 0.1, and a Weissenberg number range of 0.1 to 0.8. The numerical outcomes concluded that the
velocity increases when the thermal radiation parameter and the volume fraction of a nanoparticle are
increased, but inverse impacts are obtained for the magnetic parameter and the Weissenberg number.
The rate of energy transport increases with increasing thermal radiation and volume fraction, while

it declines with increasing the magnetic parameter and Weissenberg number. The drag force shows

a positive relationship with the thermal radiation parameter and has an opposite relationship with
the Weissenberg number and the magnetic parameter. Furthermore, even when the magnetic field,
thermal radiation, volume fraction, and Weissenberg number are all present, the heat transfer rate of
Williamson hybrid ferronanofluid is greater than that of mono Williamson ferronanofluid.

List of symbols

a Radius of cylindrical shape
Bo Magnetic field strength

Ccf Skin friction coefficient

(Cp) Heat capacity
f(w,n) Dimensionless stream function
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g Gravity vector

Gr Grashof number

o Electrical conductivity

ky Thermal conductivity

M Magnetic parameter

Nu Nusselt Number

P Fluid pressure

Pr Prandtl number

Qr Rosseland diffusion approximation
Re Reynold number

T Temperature of the fluid

Too Ambient temperature

® Component of velocity

F Host liquid

M Magnetic parameter

Ueo Uniform free stream

f Component of velocity

vf Kinematic viscosity of host liquid
Greek symbols

o Thermal diffusivity coefficient
B Thermal expansion of host liquid
r Time constant

0 Temperature of nanoliquid

K Vortex viscosity

A Extra stress tensor

i Dynamic viscosity

o Density

¢ Spin gradient viscosity

X Nano-solid volume fraction

v Stream transformation
Subscript

Hnf Hybrid nanoliquid

nf Mono nanoliquid

s Nanosolid

The presence of nanoparticles suspended in a base fluid such as ethylene glycol, water, or oil is known as nano-
fluid. In most cases, these nanoparticles are composed of carbon nanotubes, oxides, and metals. Nanofluids offer
novel features that make them beneficial in a wide variety of applications of heat transfer; some of these applica-
tions include heat exchangers, heat pipes, solar collectors, microelectronics, and fuel cells'-®. To figure out how
these nanoparticles affect a host fluid’s heat transfer capabilities, it is important to look at their thermophysical
properties, especially when it comes to applications that involve heat transfer. Assessing thermal conductivity is
among the most important thermophysical parameters. Nanofluids exhibit improved thermal conductivity and
thus a higher heat transfer rate compared to standard fluids. Many studies have been devoted to exploring the
factors affecting the thermal conductivity of nanoparticles’'. They found that nanofluids’ thermal conductivity
depends on some fundamental features, which include shape and size, and the volume fraction of nanoparticles.
Even if mono-nanofluids offer a great deal of promise to quench the ever-increasing thirst for increased
thermal efficiency, researchers are nevertheless actively exploring new kinds of fluids. One of these types of
modern fluids that has begun to emerge recently is the new generation of nanofluids, or what is known as hybrid
nanofluids'?. In comparison to mono-nanofluids, hybrid nanofluids demonstrate a considerable improvement
in their thermal efficiency'>!*. These fluids are produced by dispersing two or more varieties of nanoparticles
or composite nanostructures in a base fluid. This denotes the existence of a homogenous mixture that possesses
the physicochemical features of a number of different substances, the likes of which are extremely unlikely to be
found in a single entity. Mono-nanofluids have gradually been replaced by hybrid nanofluids in a variety of heat
transfer applications, including generator cooling, thermal storage, biomedical applications, electronic cooling,
automobile radiators, lubrication, welding, nuclear system cooling, coolant in machining, solar heating, cooling,
and heating in buildings, drug reduction, refrigeration, etc., due to the advantageous properties shown by these
new generations of fluids, such as greater chemical stability and higher thermal efficiency, both of which con-
tribute to the improved performance of hybrid nanofluids in industrial settings'>~'”. Over the course of the last
few years, many studies have been carried out to numerically investigate the characteristics of the flow of hybrid
nanofluids'®?2. This study employs engine-oil-based Fe;O, as a ferro-mono nanofluid, which is distinguished by
its strong response to magnetic field influence. Ferro-nanofluid is typically composed of tiny magnetic nanosolids
suspended in a host fluid. These tiny magnetic particles include hematite, ferrite, magnetite, iron, iron oxide,
etc.?%°. The importance of these fluids lies in their many engineering applications?®-%. In order to support the
thermal properties of this mono-ferronanofluid, ultrafine aluminum oxide particles Al,O; are adopted.
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Heat transfer via thermal radiation is of greater importance when it comes to aerospace applications, high
operating temperatures, and power engineering. Thermal radiation also has a critical role in controlling heat
transfer, especially in the polymer processing industry. In addition, the majority of solar energy-based industries,
such as solar energy collectors, are applications of heat transfer via thermal radiation in the presence of natural
convection. Several scholars have studied the effect of thermal radiation on a variety of fluid flow patterns in the
case of free convection. KA* presented a numerical study of viscous incompressible fluid flow past a vertical
cylinder in a porous medium with thermal radiation impacts. Later, Sheikholeslami et al.*! numerically simulated
the free convection and characteristics of the flow of nanoliquids with a thermal radiation effect. Akram et al.*
analyzed the magnetic hydrodynamics free convection boundary layer flow of nanoliquid around a cylindrical
object in the presence of thermal radiation and heat generation.

Many scientists and researchers are interested in the flow and heat transport of moving liquids under the
influence of the magnetic hydrodynamics (MHD) field because of the wide range of applications it has in manu-
facturing and mechanics, optical gratings, cooling systems for thermonuclear fusion power plants, fuel and gas
technologies, mechanical flow, hydraulic pumps, etc.**=**, on the other hand, many mathematical models have
appeared that attempt to simulate the behavior of non-Newtonian fluids, among the most realistic of which
is the model presented by Williamson®® in 1929. He predicted the flow properties of shear-thinning liquids.
Recently, several studies have utilized the Williamson model in the presence of a magnetic field. In their study,
Asjad et al.”” examined MHD Williamson fluid flow in the company of thermal radiation and microorganisms.
They discovered that as the magnetic parameter was increased, the fluid velocity decreased. Almaneea®® provided
insight into the effect of hybrid nanosolids with homogenous/heterogenous chemical reaction on magneto-
Williamson fluid. Dadheech et al.* described MHD flow along with Cattaneo—Christov heat flux. They looked
into the thermo-physical characteristics of the Williamson fluid with slip effects. Bhatti et al.*’ reported on the
gyrotactic microorganism porous media effects of nanoparticles on MHD Williamson fluid flow connecting two
rotating circular plates in an embedded system. Akbar et al.*! discussed the performance of Williamson fluid
past a porous stretching surface with Dufour/Soret and mixed convection MHD effects. A study of non-Fourier
Williamson hybrid nanofluid flow under the influence of Hall, ion slip currents, and a non-uniform magnetic
field was done by Salmi et al.*. They obtained a numerical solution with the help of the finite element method and
pointed out that fluid motion is reduced for greater values of the Weissenberg number. Mishra et al.* illustrated
the related influences of thermal conductivity and non-Darcian porous media characteristics on micropolar and
Williamson fluid MHD flow over a stretching surface. Bijarchi et al.* investigated the ferrofluid droplets influ-
ence of non-uniform magnetic field analysis over large/small computational domains with non-linear magnetic
permeability. Also see the following recent references.!>2*45-45,

Based on the above-mentioned studies, the main target of this study is to consider the problem of heat
transfer with radiation impacts on electro-conductive Williamson hybrid nanofluid. Also, the current study
is interested in the effects of magnetic fields over a horizontal circular cylinder, subject to constant heat flux
boundary conditions. Under various relevant parameters, the two different types of nanoparticles suspended
in engine oil-based fluid, alumina and iron oxide, are used as hybrid nanosolids. The expanded Tiwari and Das
model is converted into a non-dimensional partial differential equations (PDEs) using suitable transformations
and variables. Furthermore, the numerical solutions for these PDEs are obtained by the Keller box method. The
impacts of related parameters on local skin friction, local Nusselt number, temperature, and velocity profiles are
showcased via graphs and tables.

Mathematical formulations

In this section, we begin by establishing the mathematical formulations for the problem of two-dimensional
steady laminar natural convection flow of Williamson ferrofluid over a circular cylinder under the Boussinesq
approximation. A hybrid composition of alumina and iron oxide is suspended in the host fluid, which is influ-
enced by a transverse magnetic field and thermal radiation. On the other hand, the constant heat flux boundary
conditions have been taken into consideration. It is noteworthy that the goal of choosing a hybrid ferronanofluid
in this research is to understand the thermal heat transfer enhancements when composing x 1,0, With xge;0,.
Assume that w measures the circumference of the circular cylinder surface and # is perpendicular to it, as well
as that g, T, and U,, are gravity, ambient temperature, and velocity, respectively. These assumptions are repre-
sented in Fig. 1.

The constituent equations of the Williamson fluid model are shown as (see***?):
S=—pl+4,
7= (oo + 5 ) 1, M

where p,I, and 4 are pressure, identity vector, and extra stress tensor, respectively. I is the time constant.
Moo» and pg are the limiting viscosities at infinity and zero shear rate. A; is called the first Rivlin-Erickson ten-
sor and R is presented as follows:

R =405m,

(2)
T = tmc(A%).
The case, (too = 0, 'R < 0, is taken, so the Eq. (1) can be expressed as:
) Mo
A= ——— Ay
<1 - I‘R) ! )
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Figure 1. MHD Williamson hybrid ferronanofluid physical model.

Consequently, the formula can be rewritten via binomial expansion as:
A= [L()(l + FN)AL (4)

Depending on the above assumptions, the continuity, momentum, and energy vectorial equations are deduced
as follows:

V.V =0, (5)
V.V\V=—_1 9P WE—Hnf \ 277 o /20T ( 0% 0u
SV V) V= PF—Hnf VP + (/JF—an )V v+ PF—Hnf <8E)2 @) ©)
f—Hnf ~ _ __ OF—Hnf p27
PE—Hnf 8(T = Too) PE—Hnf By,

1 0Qr

V%)T: VAT — IR
( o —tinf (PCp)F—Hnf O7]

(7)

expressions g, P, V, and V2 are gravitational, pressure, velocity vectors, and Laplacian operator, respectively.
w, and n are velocity components.u, p, 8,0, and T are dynamic viscosity, density, thermal expansion, electrical
conductivity, and temperature, respectively. (¢c,), and Qg are heat capacity and Rosseland diffusion approxima-
tion. The subscript F — Hnf denotes the hybrid ferronanofluid. The vector g can be split into g, = g sin(w/a),
and g, = g cos(w/a), so the momentum equation can be presented in @ — n directions. Furthermore, by utilizing
the boundary layer approximations Gr — 00, getting (1/Gr) — 0and —(dP/dw) = 0 (natural convection flow
case), all the terms that include (1/Gr) can be neglected. Here Gr is the Grashof number, which is given by
3
Gr = gBr(aqw/ks) i?
Depending on that, the above dimensional governing Egs. (5)-(7) become:
ou 4 v
do 97

L ou du N WD WF— %u 9%u
do  dn PF—Hnf \ 01~ 01 PE—Hnf \00* 37

(o OF—Hnf -
+ ,BF—hnfg(T — Too) sin (E) - JB(Z)IA

=0, (8)

€)

PF—Hnf
LaT +#8T T N T 1 9Qr
u_— V= =0fF— =5 —s |- /.
a6 o TN\a@ T o) T Goer_my 07 (10
The constant heat flux boundary condition are (see®'):
o o oT - -
u=v=0,ﬁ=ﬂat n=0,
an kr
v —> 0,T — Too, at 7 — 00, (11)
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where % and ¥ are velocity components along @ — 1 orientation. Carrying out the transformation from dimen-
sional to non-dimensional equations, the non-dimensional variables are defined as: (see®>*®):

- - T_T
w= (9),77 = Gr'/® (ﬂ), u= (E)sz/sﬁ, y= (E)GFVST@G = (J)Grl/s, (12)
a a vy vy aqw/kf

the physical expressions Re = Uxca/vs, Pr = %, Qr = —g—; % = %TT3 %—Z are called the Reynolds number,

the Prandtl number, and the Rosseland diffusion approximation for radiation, respectively, where 7 and y are
Stefan-Boltzmann and mean absorption coeflicients. The hybrid nanofluids and mono nanofluids thermo-
physical characteristics are presented in Table 1.

As in works of literature®>~’, where they handled hybrid nanofluid characteristics, in Table 1, with the aid of
Eq. (12), the Egs. (8)-(10) that depict radiation impacts on electro-conductive Williamson hybrid ferronanofluid
under the magnetic field can be rewritten as:

ou n v 0
o " an O (13)
u u of 1 9%u 9%u du
ug o tv = 25 5 )32 T Wel 555
ow N pr—Hnf \(1 = XAL03)*> (1 — XFe;0,)*° /) 01 dw* dw
PALO; BALO; PEe304 PFe;04
+ I = xan0 |:1_XFO P+XA107:|+XF 07>
PF—tin <( > 3) ( €3 4) f 503 B €304 B
OF_
X A0 sinw — A MMH,
PF—Hnf  Of
(14)
( Pr ) ( . 39) ke —tinf | kf 926
—— | u—F+v— | = —.
(PCp)Fe (rCp) 2
L+ G/9R do n (1= xaL0s ) [(1 = XFes04) + XEes04 ﬁjf%] + XALO; ﬁfff% on
(15)
The boundary condition (11) is generated in the sense:
u=v=0,0 =-1,atn=0,
u—>0,0—0, asn — oo. (16)
3/5
In the above equations, the Weissenberg number We = %, and the magnetic parameter

M= UfBgazGrfz/S
PFYf
By using the following similarity transformations, which are determined as:

v = of (@,n), 0=0(w,n),

Characteristics of the mono nanofluid

Characteristics of the hybrid nanofluid

PF—nf = (1 = XEes04) Of + XFes 04 PEes04

pr—tnf = (1= XaL,0s) [(1 = XEes04) Of + XFes04 PEe304 | + XAL,0s PALO;

(pCP)F—nf =(1 - XF€304) ('OCP)]’

+ XFe;04 (»OCp)FeJQ1

(pr),.v,Hnj- =(1 = xaL0s ) [(1 = XFe;04) (PCp)f
+ XFe;04 (Pp)Fe;041 + XAL O3 (PCp) ALO;

Br—nf = (1 = Xbe;04) Bf + XFes04 BFes04

Br—tinf = (1= Xal,0;5 ) [(1 = XEe;04) Bf + XFes04 Bes04 ] + XaL0s Bal0s

173

13

__ OFe304

°f

HEF—nf = (—xres00) ™ HF—Hnf = (—rres00) ™ (I rres0p) ™
Ke_rinf_ kaly05 +2kpr —2xa1,04 (koy —kre0,)
Keny _ (Kreyoy +2ky) ~2xre0 (K —keey,) ki katy05 +2Ky + 41,04 (ki —kee0, )
& (Kre304 T2k7 )+ XFe3 04 (kf —krez04) ky  Kanos +2k—2xa0; (k—kao; )
ks kaly0 +2kr+XA1 05 (k/ —kal,04 )
o ke o _ ken
Fnf (o) gy F—Hnf (Pp) iy
OF—Hnf _ OALO; +200f — 2XA1,05 (0bf — 04L0;)
OF—nf _ 3(0—1) XFe304 - —
o =1t G Doy Obf OAL0; T 200 + XAL0; (Obf — 0ALO;)

Obf _ OFes04 + 205 — 2Fe;0, (97 — OFe;0,)

of OFe;04 + 20f + XFe;0, (0f — OFe;04)

Table 1. Thermo-physical characteristics™.
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where v is the stream function.
By taking advantage of the previous transformation variables (17), the dimensionless governing Egs. (12)
and (13) are converted into the following PDEs:

gl : >2~5)w+wea3f82f+f32f_(af)2

pr—tnf \ (1 — X(450)*° (1 = XFes0,)>° ) 0 a3 a2 7 a2 \an
OFe304 BFe;04 PALO; BALO; | SinwW
1-— 1— _ 6
+ pran (( XAle;) |:( XFe3O4)pf + XFe304 ﬂf :| + XAL O3 ﬁf ©
(18)
k—ting / ks a0
(1= xaL0s) [(1 = XEes04) + XEes04 (PCP)Fes04/ (PCP)F] + Xal0s (PCP) aLOs/ (PCP)f | 3n? (19)
Pr 20 Jaf 960 Jaf 06
(B N oy
1+ @/49)R )" on ondw  Jdw an
subject to:
_of _ _ _
J;_%—O,Q/——latn—o, (20)
%—)O, 6 — 0, as n — o0.

If we consider that w is approximately (equal to zero stagnation point), the system of PDEs (18)-(20) converts

into:
2
i ( 1 )ﬁ Weﬁﬁﬂcﬁ_(i)
PF—Hnf \ (1 = XaL03)?° (1 = XFes0,)%° ) 31 an3 an? - 9n? an
PFe304 BFe; 04 PALO; BalLLO,
1 = xan0 { 1 — XFe304) Of + XFe;0 7] +xa,0,———— |6 (21)
PE—tinf (( > 3) ( €3 4) f €304 ﬂf 203 ﬂf
L . TSV
PF—Hnf  Of an
1 ke—tinf | kf 9% ( Pr )f M _,
(pCp)re (pCp) 2 =Y
Pr (1 - XAles) [(1 - XFe3O4) + XFe304 ﬁ] + XALO; ﬁﬁzfos n 1+ G/9R on
(22)
Boundary conditions become:
f(0,n) =f'(0,n) =0,6’(0,n) =—1asn=0, (23)

f'(0,n) = 0, 6(0,n) — 0 asn — oo.

The significant investigations of engineering quantities (the local skin friction coefficient C, the local Nusselt
number Nu) as evidenced in the previous studies®*® are obtained in this consideration according to the following:

Cr = (LW ) Nu = <7an + QR) (24)
P\ ) kr (T — Too) ’
where
o | T (0 2 B aT
Ty = UF— — — = s Gw = — kp— — )
w = MF—Hnf aﬁ ﬁ 877 . qw F—Hnf a7 7m0 (25)
Similarly, employing Egs. (24) and (25), hence Cyand Nu are attained as:
1 3%f We [ of 2
Cr=Gr1/° 1) —(w,O)—}——(—(w,O)) ,
f (1 — xaL03)*° (1 — XFe;0,)*° <3772 2 \an
Nu= Gr'/°(1 + éR kF_an !

= 3 k \6@0) ) (26)

The studied parameters and symbols are displayed in the nomenclature list.

Numerical method

In the previous section, dimensional PDEs with constant heat flow boundary conditions were converted by suit-
able variables into nondimensional PDEs. Consequently, these PDEs need an efficient and accurate numerical
method. The Keller box method was relied upon in order to find an approximate numerical solution to these
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equations®-°!. Firstly, it can be written the equations by reducing them to a first-order system using the finite
difference scheme, as follows:

u(w,n) =f'(w,n) = (u=f",
viw,n) =f"(w,n) = (v=f"=1u), (27)
t'(w,m) =0(w,n) =t =0,

The above partial differential Egs. (18) and (19) to be displayed are:

pf < 1 ) / / 2
vV +Wevv+fv— (v
PF—Hnf \ (1 = XAL,03)*° (1 = XFes0,)%° /
PFe; 04 BFe;0 PALO; BaLO
+ Py ((1 — XALO;) {(1 — XFe;04) Pf + XFes04 %} + XALO; %>9 (28)
—Hn
op— du 0
_ P TEHe =w(u7 _ iv),
PE—Hnf  Of w Jdw
kp— k
% : an/ (£CP)F93O4 (PCP)aL 04 6"+ (1 + (P3r/4)R>f2£ = w<f/% B %0/)
(1= a0, ) [(1 = XFes04) + XFes04 (s -] F X105 (o !
(29)
The primes symbol signalizes the partial derivative of 7. Also, the boundary conditions (20) are presented
as follows:
f(@,0) =0,f"(@,0) =0, 0" = —1,
f(w,00) = 0,0(w,00) = 0. (30)

To understand the mesh points procedures in a two-dimensional w-# plane, suppose the step sizes (k" and
h,) of the concerned two-dimensional w and n directions, respectively, as offered in Fig. 2.
The mesh points can be summarized as:

=00 =0 =01 +k,i=0,1,23,..,N, (31)
no =0, nj = nj-1+ h],] =0,1,2,3,...,]. 000 = 1j.

We also utilize the notation () for the points and independent quantities midpoint and first derivative in the
w-orientation and #-orientation, introduced by finite difference, as follows:

0jf7 = 4(0p + 05+ 07+ 01,

(5 );__11//22 = (0F = 0+ 0 = 017), (32)
(39)" 7 = s (0 = 0 + 07 = 010):

The resulted finite difference approximations for Egs. (27)-(29) can be extracted at the midpoint (wn, 7j—1/2),
which is named “centering”. And then, we obtain

' =fi=h (”;1—1/2>’ (33)
wl —ui_y = h (V]n—1/2>’ (34)
A
; X Known
hi W unknown

O centering

= =
S
T X —— X
1
1
1
1
1
]
1
1
1
1
1
L fl—b

T
(l)"

v

T T
-1 ) n-1/2 "

Figure 2. Net rectangle for difference approximations.
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o =01 = (). (35)

pF/—JJ;Jnf ((1 - XA1203)2'51(1 - XFe3O4)2'5) (Vj - Vjil) * We(vj " Vjil) <Vj - Vjil)

1+e

L+ey > L o OF-Hw
—hi DY) - (74 )hl(”j+ )’ Py Mhj (u; + 1)

(1 = xaL0; ) [(1 = xEes04) PF

IOFC304,BF63O4
€ 11 FXFe;0s — 5|
+ () Il + -0 = (5) B0, + vl + R
2 2 PF—Hnf
+XA] o )OA1203:3A1203
23 ﬁf
sin @172
wh—1/2 h (9 +9] 1) = (Ll) 1/2,
(36)
1 ke—mny / Ky (5-1..)
Pr (0Cp)re (vCp) j et
Pr (1= xaL0s ) [(1 = XFes04) + XEe;04 %;);04] + XA1203%2;03
& e _
- *hj(uj +u 1)(9 +9 1) + ]’1 (]; +f, 1)(t + 1) + Eh](u] + Mj_l)ejn_ll/z
8 Pr
_ 2 1/2(9 +9 D~ i l)f 1/2 m ]] 1/2(]; +f D= (Lz)] 1/2,
(37)
of ! (Vf ~ ) ,
L), = —h ( > + Wev,_1v,_
i= 1/2 M pr—pmg \ (1 = xaL0y)*3 (1 — XFe;0,)%° hj TR
2 Of  OF—Hnf
= &fi12V-12 t (€ = 1)( Ui 1/2) " oromg o My /2 (38)
-1
(1 - XA1203)[(1 - XFe304)Pf+ ’
o1 | o PR sino 12
PE—Hnf f =172 T2 ’
pAle;ﬂAle3
+XA12037
Py
Loyt = [ L ke—rnf /Ky (6 = t5-1)
J o (PCp)Fe (pCp) ;
Pri (1 - yano,) [(1 — XFe;04) + XFes04 ﬁjfo"} + XA1203WJ)§03 hi
n—1
+(1 = &)fj12ti-172 + euj—1/20-1/2 ,
n—1/2 (39)
whereg = 2
The boundary condition can be rewritten as:
fo =uy =0t =1uf =6/ =0. (40)

Consequently, the gained finite difference equations will be transformed into the linear system of equations,
via Newton’s method, and rearranged them in a matrix-vector form. Finally, the block tri-diagonal elimination
technique will be used to solve the matrix—vector form to achieve the most elaborate approximation numerical
results. These numerical results will be shown as figures and tables by the Matlab program. Once the MATLAB
program code has been established, it is required to identify the convergence criteria, which requires us to rec-
ognize some specific computations: the appropriate steps size Ay and Aw, as well as the boundary layer thickness
w,,, In the current study w,, properly sets between 1.3 and 6, to get the boundary layer convergence. Once the
suitable value of w,, is fixed, we determine the step size Ar=0.005 and step size Aw=0.02, which are convenient to
gain accurate approximate numerical outcomes. Further, these values are utilized to get numerical results almost
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compatible with previous literature, as shown in Tables 2 and 3. On the other hand, the computations are iterated
until convergence criteria are satisfied. The efficient component v(7,0), is generally applied as the convergence
criterion in laminar boundary layer computations (see™). The computations are terminated when |Av,(1,0)|<107.

Results and discussion
This section discusses and analyzes the impressions and tendencies of physical quantities associated with free
convection, as well as their responses when the magnetic field strength M, thermal radiation factor R, volume
fraction of ultrafine particle x, and Weissenberg number We are increased. The approximate values of skin fric-
tion Cyand Nusselt number Nu, were compared with prior published findings in the literature at fixed parameters.
In addition, the following formula is used to calculate the approximate relative error £ between the current find-
ings (r¢) and previous findings (Merkin and Pop52 (ry)), are found using the formula:
Ire =l x 100%.

Tc

E:

See Tables 2 and 3.

Our results achieved an excellent compatible with those previously published. Table 4 shows the thermo-
physical features of engine oil and used nanoparticles.

Figure 3 depicts the Nusselt number’s trends as the Weissenberg number rises. The greater the Weissenberg
number, the lower the heat transfer enhancement, and these tendencies were observed for base fluid, mono
ferronanofluid, and hybrid ferronanofluid. Furthermore, the effect of the Weissenberg number on reduced heat
transfer is stronger for hybrid ferronanofluid. Intuitively, it appears that impacts like Williamson’s prevent fluid
deformation, increasing viscosity of the fluid, reducing that the range of heat transfer. Figure 4 shows the ten-
dencies of the Nusselt number when exposed to increased thermal radiation in the presence of the fixed effects
of the other examined factors. The Nusselt number shows a clear increase when thermal radiation increases,
which means an increase in the rate of energy transfer. It is normal for the heat transfer rate to increase as the
radiation factor increases, because increasing it means releasing more energy into the fluid. Additionally, the
effect of thermal radiation on the mono and hybrid ferronanofluids is greater than that of the ordinary fluid.
Figure 5 presents the variations in the Nusselt number under conditions of a growing magnetic factor and with
fixed effects of the other factors under investigation. When the magnetic parameter goes up, the Nusselt num-
ber obviously decays. This trend is expected from the Nusselt number because the increase in magnetic field
strength leads to a slowdown in fluid velocity due to the stimulation of the formation of the Lorentz force and

n Merkin and Po® | Current findings | &

0 0.000 0.000 0.0000
0.2 0.274 0.274 0.0000
0.6 0.795 0.793 0.2522
1.0 1.241 1.241 0.0000
1.6 1.671 1.668 0.1799
2.0 1.744 1.716 1.6317
2.6 1.451 1.410 2.9078
3.0 0913 0.897 0.1783
b4 0.613 0.600 0.2167

Table 2. Comparison of the present outcomes of the local skin friction values C; with previous published
literature.

n Merkin and Pop™ | Current findings | &

0 1.996 1.996 0.0000
0.2 1.999 1.999 0.0000
0.6 2.014 2.015 0.0496
1.0 2.043 2.046 0.1466
1.6 2.120 2.129 0.4227
2.0 2.202 2215 0.5869
2.6 2.403 2.420 0.7025
3.0 2.660 2.689 1.0108
II 2.824 2.837 0.4582

Table 3. Comparison of the present outcomes of the local Nusselt number Nu with previous published
literature.
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Thermo-physical feature Engine oil | ALO;3 Fe304

G, (J/kg K) 1910 765 670

Bx 1075 (K1) 70 0.85 20.6

p (kg/m?) 884 3970 5180

K (W/mK) 0.114 40 80.4

o (s/m) 1.07x10°° | 3.5%x107 | 1.12x10°
Pr 6450 -

Table 4. Thermo-physical features of engine oil and used nanoparticles'®"6253,
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Figure 3. Nusselt number responses as a result of We increasing at fixed R = 3, M = 0.8, xpe;0, = 0.1,
XALOs = 0.05.

thus a decrease in the rate of energy transfer. Figure 6 shows the reaction of the Nusselt number when affected
by increasing the volume fraction of aluminum oxide nanoparticles with fixation of the other parameters exam-
ined. It is evident that the Nusselt number increases with an increase in the volume fraction of aluminum oxide
nanoparticles. This is because the increase in the volume fraction of aluminum oxide nanoparticles makes the
thermal conductivity of the host fluid better.

Moreover, increasing the volume fraction factor by a few values increases the buoyancy forces and, of course,
enhances the rate of energy transfer. Figures 3, 4, 5 and 6 show that the hybrid Williamson nanofluid has the
highest energy transfer rate, followed by the mono-Williamson nanofluid, and the host fluid (engine-oil) has the
lowest energy transfer rate. Figure 7 illustrates the relationship between the Weissenberg number and skin fric-
tion. It is noted that the coefficient of skin friction is negatively affected by the rising values of the Weissenberg
number. An improvement in the relaxation time is associated with an increase in the values of the Weissenberg
number, which in turn lowers the drag forces. In Fig. 8, the direct response to drag forces is shown with an
increase in thermal radiation. Thermal radiation releases more energy in the fluid, which increases the collision
of particles and thus increases the coefficient of skin friction. Figure 9 shows how the increase in the strength of
the magnetic field affects the coeflicient of skin friction. It is clear that this increase in the strength of the magnetic
field reduces the drag forces brought on by the curbing that occurs in the fluid velocity due to the formation of
the Lorentz force. Figure 10 shows how skin friction responds when the volume fraction values of aluminum
oxide increase. It is clear that the reaction of the coefficient of friction is reversed as the coefficient of friction
decreases with the increase in factor xa,0,. Physically, increasing the volume fraction factor increases the fluid
velocity, which in turn raises frictional forces. The effects of increasing the values of the Weissenberg number
on the velocity are depicted in Fig. 11. As the Weissenberg number values go up, the viscous forces get stronger,
which slows the velocity of the fluid. Figure 12 exemplifies the effect of the radiation parameter on the distribu-
tion of fluid velocity. There is an obvious enhancement in the velocity when the radiation parameter grows. This
trend could be explained by the fact that as the radiation rate increases, more energy is released into the liquid,
which naturally enhances the velocity. Figure 13 illustrates how growth in magnetic parameter values impacts
the velocity profile. A significant decrease in fluid velocity when the magnetic parameter is increased. It is well
known that an increase in the intensity of the magnetic current stimulates the formation of the Lorentz forces,
which in turn restrain the movement of the fluid. The direct relationship between the velocity and the volume
fraction of aluminum oxide nanoparticles is clearly shown in Fig. 14. A higher volume fraction of aluminum
oxide nanoparticles leads to an improvement in velocity profiles due to an increase in the thermal conductivity
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Figure 4. Nusselt number responses as a result of R increasing at fixed We = 0.7, M = 0.8, xge;0, = 0.1,
XALO; = 0.05.
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Figure 5. Nusselt number responses as a result of M increasing at fixed We = 0.7, R = 3, xpe;0, = 0.1,
XaLo; = 0.05.

of the host fluid. It is worth mentioning here that the addition of nanoparticles improves buoyancy forces while
at the same time improving viscous forces. Small values of nanoparticle volume fraction, ranging from 0.0 to 0.2,
were used in previous studies, and these small values of nanoparticle volume fraction make the enhancement
of the buoyancy force greater than the increase of the viscous forces, thus increasing the fluid’s velocity. As for
Fig. 15, it shows the changes in the temperature profiles when the Weissenberg number values rise. The tem-
perature of the fluid increases with the increase in the values of the Weissenberg number, and this is, of course,
due to the increase in the relaxation time. In Fig. 16, the positive effects of the thermal radiation coefficient on
the temperature profiles are shown. As we mentioned earlier, increasing the thermal radiation factor means
more energy is liberated inside the fluid, and this raises its temperature. Figure 17 shows how the temperature
profiles are affected by increasing the magnetic parameter. It is clear that the increase in the magnetic parameter
is accompanied by an increase in the temperature of the liquid. Increasing the magnetic parameter induces the
formation of Lorentz forces. This force produces a kind of friction that has an impact on the flow and eventually
raises the temperature as a result of the additional heat energy that this friction produces. Figure 18 presents the
positive relationship between the fluid temperature and the volume fraction of aluminum oxide nanoparticles.
Increasing the volume fraction of aluminum oxide improves the thermal conductivity of the host fluid, which
increases the rate of energy transfer and thus increases the temperature. Finally, Figs. 11, 12, 13, 14, 15, 16, 17
and 18 show that the hybrid nanofluid is superior in terms of speed and temperature to the mono nanofluid and
the host fluid in the boundary layer region, making it the center of interest in many applications.
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Conclusion

A careful analysis was executed of the natural convection flow of Williamson hybrid ferronanofluid affected by
thermal radiation and magnetic field. Numerical outcomes for local skin friction and local Nusselt number, as
well as temperature and velocity, were obtained using the Keller box technique. They satisfy the accuracy of cur-
rent numerical solutions gained for the problem of free convection boundary layer flow in Williamson hybrid
ferronanofluid. The following are the key findings from the current analysis:

1. Increasing the magnetization parameter or Weissenberg number suppresses the rate of energy transfer, while
increasing the thermal radiation parameter or the volume fraction of hybrid nanoparticles improves it.

2. 'There is an inverse relationship between the drag forces and the Weissenberg number or the parameter of
the magnetic field or the volume fraction of nanoparticles, while there is a direct relationship between the

drag force and the parameter of thermal radiation.

3. 'The fluid’s velocity increases when the thermal radiation parameter or the volume fraction of a nanoparticle
is increased, but it decreases when the magnetic radiation parameter or the Weissenberg number is increased.
4. Temperature is an increasing function of all the examined factors in this analysis.

The same issue is expected to be investigated in future work using other mathematical models, such as the
Casson model, and it can also extend to include ternary hybrid nanofluids.
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